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We consider the contribution of the saddle-splay surface energy and obtain the
anchoring energies of the system. Director profiles are determined and the influence of
the geometry, as well as the pitch values of the sinusoidal surface, are discussed. The
reorientation of liquid crystal molecules in the vicinity of a nano-size grooved surface
and the effect of different surface energy terms on the orientational behavior of a liquid
crystal near the surfaces are investigated. Our calculations were performed using the
Oseen-Frank theory based on nano-scale groove models. Our results reveal the crucial
effects of surface and external fields on nematic reorientational behavior near a
patterned surface. Also, our findings highlight the importance of the saddle-splay
surface energy when comparing the Fukuda and Berreman models. Besides, it turns out
that the presence of an external electric field significantly affects the results reported
by these models.
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researchers have theoretically investigated the
mechanism of the reorientation process of liquid crystal

1 Introduction

Surface anchoring in liquid crystals (LCs) has been the
subject of intense research due to its fundamental
importance and many applications in industry, such as
high-tech-liquid crystal display devices and bio-
inspired liquid crystal research [1-4]. Indeed, thanks to
the fascinating fundamental and technological aspects,
an increasing number of publications have been devoted
to studying the different anchoring conditions in LCs [1,
2, 5-8]. Some desirable anchoring properties by surfaces
tailored with submicron-scale grooves or geometrical
patterns have been investigated by many experimental
researchers [1, 2, 5, 6, 8-12]. Moreover, many
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(LC) molecules on a treated interface [7, 13-16]. The
surface anchoring strength is a crucial parameter in
determining the orientational behavior of LC molecules
[14, 17, 18]. As well known, the elongated molecules
tend to align on average in a common direction called
director n(r) in a nematic medium, the simplest LC
phase. Actually, in the vicinity of a surface, it costs
energy to change the direction of the LC director from
its preferred anchoring direction. To describe the
anchoring strength of a nematic LC, Rapini and
Papoular have introduced a simple expression for the
interfacial energy per unit area for a one-dimensional
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(1D) deformation [19]: f; = (1/2)W sin? a, in which,
W represents the anchoring strength and « is the angle
between the director and easy boundary direction on the
surface [19-21]. Although this equation provides an
excellent approximation for a one-dimensional surface
with only one easy axis, it does not apply to a system
with an anchoring competition [20]. For instance, large
director deviations or arbitrary surface patterns are
agents that require a different model to describe the
surface anchoring effects. Berreman [22, 23], proposed
a model for nematic LC mesogens in contact with a
sinusoidal wavy surface. He assumed that the director is
always parallel to the surface and calculated the free
energy due to the induced distortions by a sinusoidal
surface [22]. It is a simple model for geometry-induced
surface anchoring that appears in most theoretical
studies on the surface anchoring effects. Based on
Berreman’s model, the anchoring energy per unit area
is given by (1/4)K A?q3sin?¢, in which K, 4, and q¢ =
2r/A,
approximation, the amplitude and the wavenumber of

are the elastic constant in one-constant
the sinusoidal surface, respectively [21, 24]. Also, ¢ is
the angle between the director and the groove direction
[22, 24]. Afterward, J. 1. Fukuda et al. [24, 25],
reexamined the theoretical treatment of Berreman for
the surface anchoring induced by grooves. They found
that the anchoring energy behaves as sin* ¢, as a
function of the angle between the groove direction and
the director at infinity [24] .They argued that the small
negligible assumption of azimuthal distortions in the
theory of Berreman is not valid for general ¢. The tilt
distortions are comparable in magnitude to the
azimuthal distortions. The obtained anchoring energies
as a function of ¢ show a significant difference
compared to Berreman’s energy for K; = K3, which is
a dominant contribution in splay and twist modes near
the easy axis [24]. They have the same values only at
¢ = 0, £(m/2), while the energy is always smaller than
Berreman’s energy [24]. Moreover, J. I. Fukuda et al.
[6, 24, 25], have investigated the influence of surface-
like elasticity, which has an essential role in the surface-
groove-induced anchoring energy of a nematic LC.

In this work, we have studied the anchoring energy
effects of a nematic LC sandwiched between two
surfaces with a patterned and an unpatterned surface.
Our study is based on the Oseen-Frank theory .We have
considered the contribution of the surface-like elastic
energy in the vicinity of the surfaces and investigated
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the influence of the cell geometry. The effect of the
groove pitch on the surface anchoring strength has
attracted the attention of theoretical and experimental
researchers [1, 6]. Therefore, it prompted us to examine
the reorientation of LC molecules near the nano-size
grooved surfaces with different pitches more closely.

The article is organized as follows. In Section 2, we
have presented the basic equations based on the Oseen-
Frank theory in three subsections. The formulation of
the problem using the Oseen-Frank theory in the
absence and presence of an external electric field is
given in the first two subsections respectively, and the
effects of field and surface-like elastic energy are
discussed in the third subsection. In Section 3, we have
studied the influence of the groove pitches on the
reorientation of the director and surface energy. Finally,
our conclusions are presented in section 4.

2 LC molecular reorientation near the
grooved surface

2.1 Effects of surface-like energy in the director
field and anchoring energy in the absence of an
electric field

We consider a confined nematic cell with one patterned

and one flat surface, which have different anchoring
conditions. As shown in Fig. 1, one of the surfaces has
a sinusoidal pattern with one-dimensional parallel
grooves along the x-direction, and the other is a flat
plane (z =1L,). The sinusoidal-shaped surface is
described by z = A sin [q(x sing + y cos¢)], where ¢
is the angle between director n and x-axis, 4 and q
show the amplitude and the wavenumber of the
sinusoidal surface, respectively [21].

According to the continuum elastic theory, the Oseen-
Frank elastic free energy, in the presence of the saddle-
splay energy, is given by the following expression [7,
25,26]:

1
&l=§fdﬂK(VnY+JQOLVXnY

+ K3(n X V7 X n)?
—KV.(nV.n

+nxVxn), (D
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Figure 1. The geometry of a confined nematic LC between two
surfaces, ¢ is the angle between director n and x-axis

where, K;, K,, and K3 are respectively the splay, twist,
and bend elastic constants. The fourth term is known as
saddle-splay energy. It describes the contribution of the
surface interaction, in which Ky = 4K, K, /(K; + K)
shows the surface-like elastic constant [1, 7, 27-29]. On
the basis of the Fukuda model, the director is
approximately

<\/1 —n% —nZ, ny, nz> = (1,ny,n,). The Frank

elastic energy can be expressed in terms of spatial
derivatives of n,, and n,, as follows [22, 26]:

written down as n=

1

For =3[ dr [K1(ayny +0,1,)% + Ky (9yn, —
2

9,;1y)% + K3[(0xmy)” + (9xm,)?] =

2K, (3, 0,m, — aynzazny)]. )

Here, we have used the full variational principle (6F =
0), and the Euler-Lagrange equations are achieved. To
determine the director field components near the
sinusoidal grooved surface, we can use the Euler-
Lagrange equations and apply boundary conditions
(n, = Aq sin¢ cos[q(x sin¢ + y cos¢)] and

dyn, — d,n, = 0). The resulting expressions for the

director field components are as follows [25, 30]:

n, =1,

(3)
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n, = Aq sin¢ sin[q(x sing

cos¢ J——

+ y cos¢)] ( 7

1

+ % cot?®¢ (COS¢ e~ 9791
K 91

3 cos¢ e‘q292> '
92

n, = Aq sin¢ cos[q(x sing + y cos¢)] (e‘ngl

(4)

KS 2 -
+ —cot*¢ (e~9?91
K3

— e—ngz)>_ (5)
In these equations, g; is defined as g; =
\/coszd) + (K3/K;)sin?¢ ; (i = 1,2).  Nevertheless,

the director has a specific orientation on the flat surface
as (1, 0, 0), which is parallel to the direction of the
grooves. We calculate the anchoring energy in this
situation. We first obtain the anchoring energy per unit
area without the effect of the surface-like elastic term
(Ks). Using Fukuda's equations and supposing the
groove's direction in the x-axis, as considered by
Fukuda et al. [24], the surface anchoring energy per
unit area leads to
1

F,=-— ZAZ(—I + e2L29) K, q3 sin* ¢, (6)
where the effect of finite thickness in the z-direction
clearly is presented. Next, we consider the effect of the

surface-like elastic term (Ky). For this end, we similarly
substitute Eqs. (4) and (5) in Eq. (2), and calculate

fxlzo f;:o fZL:zo f dx dy dz. The anchoring energy per

unit area is given by
1
Fy, = §A2q3K3 sin? ¢ (—1
+ e72L29) <(c052¢ -1)

2K; 20 + 1 7
—K—3(cos p+1)). @)
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2-2. Effects of and
anchoring energy under an applied electric field

surface-like energy

In this subsection, we investigate the molecular
reorientation of the LC system under the action of an
external electric field. As considered in the previous
section, we rewrite the total free energy density in the
presence of surface-like elastic energy as well as the
contribution of interaction between the electric field and
the director field. Then, the total density of free energy
is written as follows [31]:

ftOC

1
=5 [K1(V.n)? + K,(n.V X n)?
+K;mXxVXxn)?—KV.(nV.n+nxVxn)]

1eg,
—>—(m.E)?, ®

24m

where g, indicates the dielectric anisotropy of the
system. We assume that the external electric field is
applied along the z-axis, that is perpendicular to the
direction of grooves, i.e., perpendicular to the x-
direction [32]. Therefore, E = (0,0, E) = EZ, and so the
total free energy of the system takes the form

1
Fior = f dT‘(E (Kl(ayny + aan)2
+ K, (aynz - azny)z
+ K, [(E)xny)z + ((’)xnz)z]
— 2K, (3,n,0,n, — aynzazny)

e ey,

24m ©)

The boundary conditions at the surface are the same as
in the previous section. Then using the Euler-Lagrange
equation yields:

K,0,(0,n, + d,n,) + K,0,,(d,n, — d,n,)
€
+ K30%n, + ﬁnzis2 =0, (10)

Klay(ayny + aznz) — Kzaz(aynz — 6Zny)

+ K302n, = 0. (11)
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Applying the boundary condition to Egs. (10) and (11),
one can obtain the components of the director field in
the presence of an external electric field as [33]:

ny
= Aq sing sin[q(x sing

cosp
+ y cos¢)] 7 e~ %9

+ ﬁcotz(l) (ﬂ e_ngl — COSd) e_q292)>

K3 91 92
&q Z 1
- E? 12
K4t~ q cosd)]' 12)
and

ng

= Aq sing cos(q(x sing + y cos¢)) [(e‘ngl

KS 2 — -
+ —cot*¢ (e79%91 — 797 2)
K3

e g 1 (13)
K4~ q?cos¢|

In the presence of an external electric field, a distortion

occurs due to a competition between restoring elastic
forces induced by the alignment at the surfaces and the
destabilizing torques produced by the applied field
[34]. In fact, the applied electric field causes the
reorientation of the director, so that the director tends to
reorient along the external field direction because of the
[35]. The
parameter 7 is the angle between the electric field and
the director, which is a function of z, n =n(z) and
ng =n-E =nkE cosn(z) [36]. As the distance from
the sinusoidal surfaces increases, the angle n changes,
so that the 7 is 90 at the upper surface, i.e., the director
has tangential anchoring.

positive dielectric anisotropy (g, > 0)

Now, to calculate the anchoring energy of the system
under an applied electric field, we use the Frank model
with one constant approximation (K; = K, = K3).
Substituting Egs. (12) and (13) in Eq. (9), and
integrating the free

energy density
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fxlzo fylzo fZL:ZO fdxdydz, then the following

expression is obtained:

Ftot
= — LAZQ—ZLZQ (-1
64mq
+ e?Lz9) sin ¢ [2q? (,E?
— 41q?((Ks + 2Ky)
+ (K3 — 2K,) cos(2¢)))sing
+ £,E? sec ¢ sin (q cos @) (— sin(q cosg)

+ sin(q(cos¢ + 2sing)))]. (14)

2.3 Director profiles and anchoring energy

Now, we have found the two-dimensional (2D) and
three-dimensional (3D) director profiles in the presence
of surface-like elastic energy. Near the sinusoidal
surface, the director profile appears in Figs. 2 and 3, for
¢ = 45" and ¢ = 90" by using Egs. (3), (4), and (5).
The results were achieved through the numerical
method, utilizing parameter values that are typical and
match the parameters of SCB liquid crystal. Moreover,
we have also used the typical values for 4 and ¢, which
represent the amplitude and the wavenumber of the
sinusoidal surface respectively. Specifically, we set A

to 0.5 nm and q to 3?” (nm)~1 for the sinusoidal surface

[7]. As illustrated by Figs. 2 and 3, in the vicinity of the
sinusoidal wavy surface, the results are indeed
consistent with those reported by Fukuda et al. [24].

As can be seen from Figs. 2a and 2b, the director field
follows the pattern of the sinusoidal-shaped surface and
tends to be perpendicular to the direction of the grooves
near the lower surface (z = 0). It makes the angle ¢
with the surface grooves. This angle approaches zero as
moving away from the surface. Therefore, the director
field completely follows the easy axis of the surface
adjacent to the upper surface. Obviously, this is due to
the surface torques exerted on the LC molecules due to
the presence of confining surfaces of the cell [27, 34].
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Figure 2. 2D model of director profile (ny, nz) at x=0, in the

presence of surface-like elastic energy for (a) ¢ = 45" and (b) ¢ =
90°.

Then, to investigate the influence of the surface-like
elastic term in the director field deformation, we plotted
the anchoring energy of the grooved surface as a
function of the deviation angle ¢, for both cases with
and without K term. The results are presented in Fig. 4.
These results clearly indicate the significant role of the
K; term in the director field reorientation. The
difference demonstrates the anchoring energies in the
Fukuda model.
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(c)

Figure 3. 3D director profile (ny, ny, n,), in the presence of surface-
like elastic energy for (a) ¢ = 0°, (b) ¢ = 45" and (c) d = 90°.

Fx10~4 (J/mz)

101 =
8 v
6 L 0 e 7

0.5 1.0 1.5 ¢ (rad)

Figure 4. The anchoring energies, with K term (thick curve), and
without Ky term (dashed curve).

As shown in Fig. 4, both curves have the lowest energy
with different slopes at ¢ = 0° and the same behavior
at ¢ = 90°. When the anchoring energy is minimum,
the LC director would be along the easy axis, so at ¢ =
0°, the energy per unit area would be minimum, and the
easy axis coincides with the surface groove direction.
While, with the deviation of the director axis relative to
the easy axis the angle between n and e changes, and
the anchoring energy increases, depending on the

anchoring strength of the nematic LC (f; = % W sin? ).

Therefore, when the angle is 90°, sina = 1 and the
surface energy will have the maximum value. However,
in the presence of the surface-like term, the increase
occurs with a higher slope. In fact, these results confirm
that the effect of surface-like elastic term on texture
deformation is not really negligible. As well as the
model of Fukuda, we have plotted the anchoring energy
based on the model of Berreman. Figure 5 shows the
results of both models. In the presence of the surface-
like term, the result is consistent with the results of
Berreman [22]. It has a slight change that occurs at
angles close to zero.
Fx10~* (3/m?)

10

8

6 Fukuda—ks

\ //, ........ Berreman

05 10 e PEd

Figure 5. The difference between anchoring energies in Berreman's
model (dotted curve), Fukuda's model without Kg term (dashed
curve), and Fukuda's model with Ky term (thick curve).

Also, the director profiles of the system under an
external electric field (E = (0,0,E) = EZ) can be
obtained using Egs. (12) and (13) at ¢ = 45". The
results of two- and three- dimensional models are
shown in Figs. 6 and 7, respectively. We have used the
typical values of ¢, =11 and E =4 X 1072V/nm
[37-39]. In these cases, the torque caused by the external
electric field also has an impact in addition to the
surface torques mentioned earlier. In fact, the
competition between the director field, applied electric
field, and surface fields, affects the profile of the
director. This competition plays a crucial role in the
system's orientation behavior and ultimately changes
the director profiles. This is evidenced by comparing the
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results presented in Figs. 6 and 7 with previous findings

(Figs. 2 and 3). :
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Figure 6. 2D director profile (ny, n,) at x=0, in the presence of an
external electric field (E = 4 X 1072 V/nm) for ¢ = 45°.

Figure 7. 3D director profile near the grooved surface at ¢ = 45,
in the presence of an external electric field (E = 4 x 1072 V/nm).

To better insight, we compare the anchoring energy
after and before applying the electric field. We have
plotted the energy diagrams using Eqs. (7) and (14) for
both systems in Fig. 8. This figure actually illustrates
the difference in the anchoring energy of the system
under the action of an electric field compared to its
energy without exposure.

Fx10~4 (J/m?)

10

8

6 Without Field

With Field

05 10 15 0d

Figure 8. The energy diagrams of nematic LC under an external
electric field (dashed curve, E=4 X 1072V/nm) and in the
absence of external electric field (thick curve), in the framework of
Fukuda's model.
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As shown in Fig. 8, applying an external electric field
leads to a reduction in the surface energy of the system.
We have assumed a positive dielectric anisotropy (g, >
0), which means that the nematic orientation tends to
align with the electric field direction [40], resulting in a
zero angle between them (n||E). Then, it is expected
that the anchoring energy will reach its maximum value
at this particular angle [37]. Since the electric field is in
the z-axis direction, the director should also align in this
direction for n and E to be aligned. This occurs only
when the angle between the director and the surface
groove, ¢, is equal to 90. Therefore, we expect
maximum energy for this angle. Clearly, as the electric
field strength increases the energy reduction would be
more significant [33].

3 LC molecular reorientation near the
grooved surface with different pitches

In this section, we consider a cell with a sinusoidal
surface with different pitches. The geometry of the cell
is shown in Fig. 9. In this geometry, we assume that the
grooves are along the x-direction (Fig. 9).

Figure 9. The sinusoidal surface with different pitches. x-axis is the
direction of the grooves.

Then, the components of the director field of the
nematic LC cell near the grooved surface are given by:

(15)

n, =1,
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n, = A q; sing sin [q;(x sing

e_ingl

+y cosg)](

cos®
91

2 (S22 s

g1

K
+ —cot
K3

cosg
92

e—CIZZgz)'
and
n, = A q; sing cos[q;(x sing

+ y cos¢)] <e‘qizgl

KS 2 —a;
+ —cot*¢ (e %91
K

- e_QiZgz)>’

where q; is the wavenumber for different pitches. In

17)

fact, in the vicinity of the grooved surface, the LC
molecules are affected by various reorientation effects
due to the influence of the different pitches of the
grooves. To realize the influence of different pitches of
the grooves, we have drawn the 2D and 3D profiles of
the director field near the grooved surface for two ¢
angles (Figs. 10 and 11).

Figures10 and 11 clearly show the strong influence
of groove pitches on the orientation of the director
field. Actually, the LC molecules tend to be aligned
with the direction of the grooves in the smooth
regions. While, with the increasing roughness of
the pitch, the aligning effect of adjacent molecules
would be more dominant than the surface field of the
grooves. Indeed, there is competition between these
effects in the alignment of the director field. Thus, the
resultant orientation of the director field would strongly
depend on both aligning efficacies [41]. Therefore, the
geometry of the surface plays a key role in determining
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the free energy of the system and significantly changes
the surface energy.

(b)

Figure 10. The 2D director profiles (ny,n,) near the grooved
surfaces (x=0), with different groove pitches, (a) ¢ = 45° and (b)
& =90°.

In fact, the shape of the cell walls greatly influences the
equilibrium configurations of nematics. For instance,
sinusoidal surfaces have a continuous curvature
compared to triangular surfaces, and therefore have a
smoother surface. It enables a better alignment of liquid
crystal molecules and thus improves its properties.
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T ]/ I’ 7/ r//
il dy ’/_/’/

el
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Figure 11. The 3D of the director profile near the grooved surface
with different groove pitches, (a) ¢ = 45" and (b) ¢ = 90°.

Now, we obtain the anchoring energy of the nematic
LC cell with a grooved surface. For this purpose, we
have used Egs. (2), (16) and (17), and three-dimensional

integration of fxl:o f;:o fZL:zo dx dy dz. Then, taking

into account the influence of the saddle-splay energy,
we found the following expression:

1
Fy, = §A2 q? K3sin? ¢ (—1

+ e~ 2L241) ((cos 29— 1)

2K, )
——(cos2¢p +1) | (18)
K3

The obtained surface energy reflects the relationship
between the shell extrinsic curvature and nematic order
parameters, which are not typically explored in LC
investigations with such a defined geometry.

In the next stage, to study the effect of the pitch of the
grooves, we plotted the variation of the anchoring
energy as a function of the angle ¢ at different pitch
values. The results are shown in Fig. 12. This figure
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demonstrates how the order of pitch length affects the
anchoring energy of the system. By referring to Fig. 12,
it is evident that decreasing the pitch of the grooves
results in higher costs for anchoring energy. Hence, as
mentioned above, the pitch value of the grooved surface
and the geometry of the patterned surface of the LC cell
significantly may change the reorientational behavior of
the system.

Fx1071 (I/m*)

0.005 [+ , s

1 7

i 'l q 3=
0.004 f; : L 7= =5

P / °

P . J——— _ 3=
0003f 3 3=~
0.002 it - qq=3r

1] s

3 s
0.001f i

h ,/'

T e L ! rad

0.0 05 1.0 b

Figure 12. The anchoring energy at different pitch values, q; =
(n/8) (nm)~*, q; = (3n/8) (nm)~}, q3 = (3/4) (nm)™*,
qq =31 (nm)~1.

4 Conclusions

The elastic surface-like elastic term has a fundamental
role in the anchoring energy near the sinusoidal grooved
surfaces. Considering the influence of this energy, we
found that the model proposed by Fukuda leads to the
same results as the Berreman model. However, it does
not significantly affect the director profile, although the
system undergoes changes in molecular reorientation
under an external electric field. Since the pitch of the
grooves on the patterned surfaces has a key role in the
anchoring energy, we determined the 2D and 3D
director profiles by considering the grooved surface
with different pitches. We concluded that decreasing the
pitch of the grooves leads to increased anchoring
energy. The geometry and pitch values of the grooves
on the surface were investigated as the significant
property of nematic cells. It turned out that, as expected,
choosing the appropriate pitches of the layers crucially
affects the LC molecular reorientation. Definitely, these
parameters are among the effective and determining
parameters in the fabrication of nematic LC based-
devices and experimental studies.
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